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A model for the dynamics of a single-stage suspension crystallizer is deueloped, which 
serves as a basis for process analysis and the design of controllers. A population balance 
for the dynamics of the crystal size distribution (CSD) with mass and heat balances is 
described, as well as empirical relations for the separation eficiency of class@ed particle 
removal systems, the initial CSD, and the crystallization kinetics. A continuous pilot 
crystallizer is used that is equipped with a separator and dissoluer for fine crystals and a 
CSD sensor based on forward light scattering. The process and sensor are modeled 
separately. The sensor model is based on Fraunhofer light scattering theory assuming 
rectangular-shaped particles. CSD dynamics data are obtained from startup experiments 
with the pilot plant at different process conditions. Experimental process data show a 
strong effect of fines and the sluny retention time on the CSD dynamics. A nonlinear 
parameter estimation procedure determines the empirical parameters directly from raw 
sensor data. The model fits accurately to the measured data. Evidence is found for the 
existence of a population of slow growing crystals with a growth rate approximately ten 
times lower than the fast growing crystals. A strong correlation is found between the 
total su$ace area of crystals with a size larger than 600 p m  and the nucleation rate. 

Introduction 

Crystallization from solution is an important industrial 
separation and purification process in which a crystalline solid 
phase is formed from a multicomponent liquid solution. Crys- 
tallization processes are particulate processes generating a 
spectrum of differently sized particles, characterized by the 
crystal size distribution (CSD). 

The CSD of crystals produced by continuous industrial 
crystallizers is often poorly shaped due to badly dampened or 
oscillatory behavior of the CSD in time. In industrial practice 
this behavior limits the product quality and puts constraints 
on the performance of downstream crystal handling pro- 
cesses, for example, thickeners, centrifuges, and dryers. To 
suppress this undesired dynamic behavior, CSD control sys- 
tems are demanded. In general the design of effective con- 
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trollers requires a set of sufficiently effective process inputs 
(actuators), robust sensors that should provide sufficient in- 
formation on the dynamics to be controlled, as well as a pro- 
cess model describing the relevant dynamics. 

Modeling the dynamic behavior of an industrial crystallizer 
requires knowledge of several complex crystallization phe- 
nomena, like crystal birth (nucleation), crystal growth, and 
breakage or abrasion (attrition) phenomena caused by parti- 
cle-particle or particle-crystallizer interactions (Randolph and 
Larson, 1988). These phenomena depend on the physical 
properties of the substance system, the process operating 
conditions, and hydrodynamic phenomena that depend on the 
geometry and scale of the reactor. 

First-principle models include several unknown parameters 
related to empirical relations for hydrodynamics and crystal- 
lization kinetics. These parameters have to be estimated from 
experimental data by a numerical model optimization proce- 
dure. Published data deal largely with the estimation of crys- 
tallization kinetics for idealized stationary MSMPR reactors 
based on stationary CSD data. The applicability of this ap- 
proach is limited since a large class of crystallizers exhibit 
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nonstationary behavior caused by disturbances or intrinsic 
open-loop instabilities. Only a few examples are present on 
model optimization with dynamic CSD data. Tavare and Gar- 
side (1986) describe an approach which uses a transient CSD 
response from a batch crystallizer. Rawlings et  al. (1993) ad- 
dress the problem of parameter and parameter confidence 
interval estimation from dynamic data. In most contributions 
the main limitation is the absence of accurate and robust on- 
line measurement systems that provide sufficiently informa- 
tive data on the kinetics to be estimated. 

This article addresses the problem of model development 
for the CSD dynamics in a suspension crystallizer, using ex- 
perimental (pilot) process data. The aims of this study are as 
follows: 

1. To combine knowledge on particulate phenomena (par- 
ticle size and shape, CSD sensing, and size classification) with 
crystallization phenomena (crystal nucleation and growth ki- 
netics and the attrition of particles) to obtain a parameter- 
ized model that can be used to model larger-scale industrial 
reactors. 

2. To measure the effect of different process input param- 
eters on the CSD dynamics of a pilot-scale crystallizer and 
utilize the resulting experimental data sets to estimate un- 
known parameters in this model. 

A general dynamic model for a single-stage suspension 
crystallizer including CSD actuators and sensors will be pre- 
sented. The reduction of this model to a set of simplified 
equations is presented for a continuous constant volume 
isothermal evaporative crystallizer that is also used as a 
data-generating system for the experimental work described 
here. Experimental data obtained from the startup response 
of the 970-L experimental DTB crystallizer are presented for 
different values of process input parameters. A numerical pa- 
rameter estimation procedure is followed, which leads to a 
set of optimal parameter values. Based on these estimated 
parameter values, conclusions are drawn with respect to the 
physical phenomena that govern the dynamic behavior of the 
pilot crystallizcr. All cxperimcntal results are derived for the 
ammonium sulfate-water system. 

Process Modeling 
The crystallizer studied here is a single-stage suspension 

Crystallizer equipped with classified fines and product re- 
moval systems and a fines dissolver. The system boundary and 
the set of process input and output variables together with 
some major process parameters are summarized in Figure 1. 
We assume that fines are totally dissolved by heating (P,,). 
For cooling crystallizers (QLJ = 0) the heat input (Pi,) will at- 
tain a negative sign. When product is removed without classi- 
fication (Qpf-= Qp),  the product retention time (mean resi- 
dence time) is defined as r,, = V/Q,, with V the crystallizer 
volume. 

Characterization of particles 

tion n ( x ,  I), defined by 
The CSD is characterized by the population density func- 
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classifier 

crystallizer 
vessel v, T, n ,  E 

removal 

Figure 1. Suspension crystallizer, equipped with a fines 
and product removal system. 

with N ( x ,  t )  the cumulative number function describing the 
number of crystals per unit volume, with a size equal to or 
lower than x .  

Individual crystals are physically characterized by their size 
and shape. Particles are considered to have a rectangular 
shape with dimension X ~ . X , ~ * X , ,  and have an (average) as- 
pect ratio a. The latter is defined by a = x, /xw and can be 
estimated from visual inspection of the particles. In our model 
we defined the crystal size x to be the size x , .  The corre- 
sponding crystal shape factor, defined by the ratio of the par- 
ticle volume u and the cube of a particle with size x :  k , ,  = 

u/x3 ,  is then given by k ,  = 1/a2. This factor is used in the 
mass balances to correct for a possible noncubic shape of the 
particles. 

As will be discussed below, a sensor model is developed for 
rectangular-shaped particles with the same aspect ratio. With 
respect to particle size and shape a consistent basis is thus 
created for the comparison of modeled and measured CSD 
dynamics. 

Modeling size classification 
The size classification subsystem for the fines and product 

removal loops is schematically dcpicted in Figure 2. An input 
flow Q, containing crystals with a population density n,, is 
separated into two different flows Q ,  and Qz, each contain- 
ing crystals with a population density of n ,  and n2 ,  respec- 
tively. The flow Q2 is removed from the process and the flow 
Q1 is returned to the crystallizer. 

To model size classification in the fines and product re- 
moval system the following assumptions are made: the satu- 
ration condition of the liquid containing the crystals to be 
separated is unaltered, that is, the system is isothermal and 
no growth or dissolution of crystals occurs; no breakage or 
attrition of particles occurs; and dynamics or holdup time in 
the separator is neglected. 

The general separator model constrained with the given 
assumptions is described by two mass balances, for example, 
a solid- and liquid-phase balance: 
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Qo(t), no(z, t )  . 
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Figure 2. Particle size classifier. 
h f ( x ,  t )  = [ x \PI? ‘ 

fied fines and product removal. Experimental results (de Leer 
et al., 1976; Koskinen and Norden, 1981) make clear that ideal 
classification of fines will not occur. Cut-size calculations may 
deviate from measured values because of the asphericity of 
crystals and hindered settling or flotation due to air bubbles 
occurring in the fines trap. The nonideal sharpness of the 
actual efficiency curve may result from hydrodynamic effects 

h(z, t )  Qi(t),pi(z, t )  

l+\mJ 
and the number balances for, respectively, the returned and 
removed flow: Because the solid concentration in the fines loop is low ( < 1 

percent), the cut-size x,(t), defined as the cryslal length where 
the probability of withdrawal from the crystallizer volume is [ I -  h ( x ,  t)IQo(t)no(x, t )  = Q,( t )n , ( x ,  t )  (4) 
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(5) 50 percent, can be derived from Stokes’ relation for calculat- 
ing settling velocities: 

h ( x ,  t )Qo( t )no (x ,  1 )  = Q,(t)n,(x,  t ) .  
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x,(t) = 4 m .  (9) 
Thc function h ( x ,  t )  is the removal efficiency function that 
describes the probability that a particle with size x is re- 
moved from the crystallizer volume and E is a void fraction 
calculated from The constant factor p f l  can be calculated (for spheres) from 

with rn3* the third moment of the population density n ,  in 
a certain flow ( *  1. 

The fines removal system includes a 
fines classifier and a fines dissolver. Fines classification can 
be achieved in an annular zone based on differences in set- 
tling velocitics of crystals. According to Eq. 5 the fines distri- 
bution n f ( x ,  t )  can be described as 

Fines classification. 

with h f ( x ,  t )  the fines removal efficiency, Q,(t> the fines re- 
moval flow, and Qff( t )  the unclassified flow that enters the 
bottom section of the annular zone. 

The factor Qff( t ) /Qf( t> is a flowsplit factor denoted here 
as yf. Assuming that only particles and no liquid returns from 
the annular zone back to  the main crystallizer volume, the 
flowsplit factor can be calculated from y f ( t )  = ~/(t)/~(t), with 
E and E, the void fractions of the fines slurry flow and the 
slurry in the crystallizer, respectively. In the literature this 
factor is often taken to  equal 1, which is a good approxima- 
tion when the void fraction in the crystallizer is high. Note 
that for industrial plants that mostly operate a t  10-30% solids 
this approximation causes a significant error. 

In the literature several empirical relations are presented 
for the function hf(x, t ) .  Randolph and Larson (1988), Kosk- 
inen and Norden (19811, and de Leer (1976) discuss different 
idealized functions that describe constant classification be- 
havior. Randolph and Larson present the so-called R-Z 
model, which is a combined model, to describe both classi- 

with p is the absolute viscosity of the mother liquor, Ap the 
density difference between particles and liquid, A the cross- 
sectional area of the classifier, and g the gravity constant. In 
the model, however, pf, is taken as an unknown parameter 
since the value calculated from Eq. 10 is biased by the as- 
phericity of the particles and hindered settling effects. As de- 
picted in Figure 3, with Eq. 8, an S-shaped curve is obtained 
with a point of inflection given by the cutsize and a degree of 
imperfection given by parameter p f 2 .  

The separated fines are dissolved by heating the fines slurry 
flow. To model fines dissolution we assume that all fines dis- 
solve. With this assumption two mass balances and a heat 

0 200 400 600 800 1000 1200 1400 1600 

size in microns 

Figure 3. Examples of classification functions h, and h, 
and the growth function G,. 
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balance over the fines section are derived. The corresponding 
equations are summarized in the Appendix. 

Product classification can be estab- 
lished with mechanical separators, for example, vibrating 
screens; gravitational separators, for example, hydraulic clas- 
sifiers; and centrifugal separators, for example, hydrocy- 
clones. For these systems the product distribution n,, can be 
calculated, analogous to the fines removal function, from 

Product classification. 

where Q,, is the product flow, Q,, the unclassified flow from 
the crystallizer, and n(x, t )  the population density of crystals 
in the crystallizer. The corresponding product flowsplit factor 
is now defined by 

(12) 

with E,, E,,, and E,,, the void fractions of the return flow, the 
product flow, and the classifier feed flow, respectively. These 
void fractions are calculated from Eq. 6. A general model for 
classification is used to describe product classification: 

This function is parametrized with three parameters: the 
cut-size pp, ,  the imperfection pp2 ,  and an offset pp3.  The 
latter p p 3  defines the void fraction, leaving the crystallizer 
with the separated product. A n  example of this product clas- 
sification function is given in Figure 3. A comprehensive 
overview on modeling of solid-liquid separators is given by 
Svarovslq (1990). The product flow leaving the product clas- 
sification system can now be calculated from 

The total set of parameters related to fines and product 
classification is denoted as 

settling velocity of ammonium sulphate crystals decreases for 
larger void fractions. A velocity of 7.5 mm/s was found for 
crystals with a size of 400 p m  and a void fraction of 80%. 
Therefore, largcr crystals with a size x > 500 pm will proba- 
bly not reach the boiling zone and consequently have a re- 
tarded growth rate. We include this phenomenon in a 
length-dependent growth rate function given by Eq. 19, which 
is also used to describe attrition. 

In many papers evidence is found 
for the fact that primary nucleation will not occur in dense 
slurries at moderate growth conditions. Therefore, we as- 
sume nucleation to be predominantly secondary nucleation. 
Further, we assume that nucleation takes place only at the 
left boundary xu of the crystal size domain. 

Secondary nucleation indicates that nuclei will originate 
only because of the presence of other crystals. These sec- 
ondary nuclei are assumed to originate from two different 
breeding mechanisms (Daudey et al., 1990): mechanical and 
surface breeding. Mechanical breeding is a surface abrasion 
effect that can even occur in undersaturated solutions. Sur- 
face breeding is an attrition phenomenon that depends 
strongly on the supersaturation via the surface structure of 
the crystals that is a result of growth. 

Results presented by Garside and Larson (1 978) confirm 
the presence of two sources of nuclei. Experiments with 
potash alum crystals revealed that the majority of the nuclei 
were in the size range 1-10 pm, and could be produced in 
supersaturated as well as undersaturated solutions. Addition- 
ally, fragments in the range up to 50 p m  were formed only 
under conditions of growth, and the number of these frag- 
ments was proportional to the supersaturation level. In the 
framework of Daudey et al. these observations are classified 
as mechanical and surface breeding, respectively. Detailed 
models for surface breeding can be found in van der Heyden 
(1992). 

The empirical models for secondary nucleation in a sus- 
pension crystallizer presented in the literature are mostly 
power law models (Randolph and Larson, 1988; Garside, 
1985; Mersmann et al., 1988; Van der Heyden, 1992). These 
models can describe both mechanical and surface breeding 
phenomena by relating the effective nucleation rate to the 
growth rate and the saturation condition of the mother liquor, 
on the one hand, and the presence of other particles, which 
are subject to particle-particle and particle-impeller interac- 
tions, on the other hand. 

In this work also a power law model is used; however, we 
extended this model with an additional parameter p4, which 
represents a lower bound of integration 

Secondaiy nucleation. 

PI 

B ( t )  = p 3 [  j m n ( x ,  t ) x P 7  &] A C ( t > P 2 ,  (16) 
P4 

Modeling crystallization phenomena 
Hydrodynamics. In the first instance it is assumed that the 

crystallizer volume is ideally mixed. Spatial segregation of 
particles, however, will occur. Both Jager (1990) and Hallas 
and Hannan (1990) present some preliminary results of a 
mixing study in a 1-m3 DTB crystallizer equipped with a ma- 
rine-type impeller. Both estimated the circulation speed of 
slurry at 300 rpm impeller speed to be 350 mm/s. Experi- 
mental results of Koskinen and Norden (1981) show that the 

with p l ,  . . . , p s  empirical constants. The factor p 3  describes 
the combined effect of stirrer speed, pump rotation rate, 
slurry temperature, crystallizer geometry and so on with pu > 
0. This model excludes the contribution of small crystals to 
secondary nucleation, as these crystals are exposed to in- 
significant hydrodynamic and mechanical forces compared to 
large crystals. From simulation studies we found that CSD 
cycles can be described with this model, without the physical 
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meaningless values for the powers, which are needed to de- 
scribe cycles with the standard power law model. 

The mechanism of crystal growth 
from solution requires that solute is transported to the crystal 
surface and incorporated into the crystal lattice. Two succes- 
sive steps are required: a diffusion step, which is followed by 
a surface integration step. In some cases it is assumed that a 
growth rate distribution function exists for crystals of the same 
size. This phenomenon is called growth rate dispersion 
(GRD). The effect of GRD on the CSD will be most pro- 
nounced in the range of smaller particles ( x <  100 pm). 
However, accurate on-line measurement of smaller particles 
in a crystallizer is difficult because of the lack of sufficiently 
accurate sensors. Therefore, in the first instance GRD is 
omitted also to prevent overparametrization of the model. 

A standard power law model is used to describe the kinetic 
growth rate as a function of the supersaturation (Randolph 
and Larson, 1988): 

Crystal growth kinetics. 

(17) 

For an ideal MSMPR crystallizer the stationary CSD will 
be described by a straight line in the log population density 
plot (Randolph and Larson, 1988). In practice a CSD will 
decrease after a certain size (Pohlish and Mersmann, 1988; 
Jager, 1990). This phenomenon is called crystal growth retar- 
dation. The retardation of the crystal growth rate can be the 
result of attrition or length-dependent growth and spatial 
segregation of large particles, as already discussed. Attrition 
of crystals is an abrasion or surface erosion effect that de- 
scribes the reduction in size of crystals due to collisions among 
crystals or crystals and the crystallizer hardware. The attri- 
tion rate is in principle related to the rate of nucleation. In 
Jager (19901, Pohlish and Mersmann (19881, and Mersmann 
et al. (1988) different models for the attrition of large crystals 
are presented. Here the attrition rate is modeled as a 
length-dependent growth function. To prevent overparame- 
terization of the model, the same function is also used to 
describe the retardation of growth caused by spatial segrega- 
tion of larger particles. Note that a direct coupling between 
secondary nucleation and attrition could therefore not be 
made in the model. 

The effective growth rate is assumed to be the product of 
the kinetic growth rate and the length-dependent growth 
function: 

The empirical model for this length-dependent growth func- 
tion is chosen to be 

(19) 

which is an S-shaped curve, with x ,  as the point of inflection 
and x, as the maximum simulated crystal size, both 
parametrized by the unknown parameters p 9  and p l 0 ,  re- 
spectively. The sharpness of this curve is parametrized by p s .  
An example of this function is given in Figure 3. The total set 
of kinetic parameters is denoted as 0, = { p , ,  . . . , plo) .  

Initial state 
The initial state of the crystallizer considered here is the 

initial CSD and the initial saturation of the mother liquor 
(Eqs. 21 and 24). The initial CSD can originate from a distri- 
bution of seed crystals or results from heterogeneous primary 
nucleation in a crystal-free supersaturated liquid. 

A Rosin-Rammler distribution is chosen for the initial CSD 
of the crystallizer. This distribution fitted best to the experi- 
mental data; however, simulation results indicate that other 
distributions like a log-normal or an inverse gamma distribu- 
tion give comparable results. The Rosin-Rammler distribu- 
tion contains three parameters: OS = { p , , ,  pi2, p j 3 )  related to 
the location, the spread, and the height of the initial CSD: 

The initial supersaturation is assumed to be known. 

Balance equations 
The empirical relations are embedded in a set of balances 

to obtain a parametrized model for the crystallizer dynamics. 
A population balance is used to describe the dynamics of the 
CSD. A heat balance together with a set of mass balances 
for, respectively, the solution, the solvent, and the solids con- 
centration in the slurry, describes the dynamics of the slurry 
properties. For the mass balances, a crystal mass, a salt mass, 
and a total mass balance are used. A detailed description of 
these balances is provided in the Appendix for the class of 
well-mixed, nonisothermal, nonconstant volume, batch as well 
as continuous, and evaporative as well as cooling-type crystal- 
lizers. These equations can easily be adapted to describe a 
cascade of crystallizers, or a crystallizer that is equipped with 
a clear liquor advance. 

The reduction of the general model equations to a set of 
simplified equations is illustrated for the case of a continuous 
DTB-type crystallizer that was also used for the experimental 
work presented in this article. 

For this crystallizer the following additional assumptions 
are made: the crystal volume is constant; the temperature is 
constant; the heat of crystallization PCIYSt, the heat loss PloSs, 
and the heat from pumps and impellers Pimp are negligible 
compared to the heat consumed for solvent evaporation; no 
aggregation of crystals occurs; the feed flow Q ,  has a con- 
stant temperature and is free of crystals; the stirrer speed is 
constant; the vapor flow Q, contains no solute or crystalline 
material; and nucleation takes place at a negligible small size 
x,,, SO ‘PI = 0 (Eq. A3). 

Population balance. With these assumptions the popula- 
tion balance Eq. A1 is written as 
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with the boundary condition: 

and the parametrized initial condition: n, (x ,  t = t,,, 0,7). Note 
that the factor 7, is introduced here, because Q&t) is used 
instead of the unclassified slurry flow Qj f  (Eq. 7). 

Several internal variables from 
the balances presented in the Appendix can be eliminated 
with algebraic substitutions. First a concentration balance is 
obtained by substitution of the crystal mass balance (Eq. A5) 
in the salt balance (Eq. A6). Substitution of 

Supersaturation balance. 

gives an expression for the supersaturation. Substitution of 
the crystal-mass balance (Eq. AS) in the total mass balance 
gives an expression for the input flow Q,. An expression for 
the vapor flow is obtained by substitution of Eqs. A11 and A9 
in the heat balance (Eq. A8). Substitution of the expressions 
for Q, and Q, in the supersaturation balance then results in 
the following balance for the supersaturation: 

(24) 

in which k , , ,  k c 2 ,  k ,  i. and k , ,  are constants calculated from 
physical propcrtics of the crystallizer and the substance sys- 
tem. The variable T2(b), which describes the consumption of 
dissolved crystal mass by growth, is given by Eq. A4. Note 
that for classified product removal Eq. 14 should be substi- 
tuted for the product flow Qp. 

Sensor modeling 
Thc population balance model is extended with a sensor 

model to compare the measured sensor output with simu- 
lated CSDs. Modeling of a sensor is illustrated for a 
forward-light-scattering-based sensor, which is commonly 
used in CSD sensing. This sensor is also used in the experi- 
mental work discussed below. 

A model based on the Fraunhofer diffraction theory is de- 
termined. A scatter matrix is developed for rectangularly 
shaped crystals with an average aspect ratio LY, assuming that 
only their rectangular shapes are projected on the detector 
plane. Based on formulas presented by Hecht (1987), a sen- 
sor model is derived that describes the light intensity ob- 
served on a certain detector location as a function of the 
crystal size and the aspect ratio. Integrating this model over a 
set of crystal size intervals and detector rings results in the 
following sensor model: 

with C the sensor model matrix, L thc light intensity vector 
measured on the detector rings, and n a discrete population 
density. 

Inversion (deconvolution) of the model, given by Eq. 25, 
can be used to  calculate the size distribution from an aver- 
aged intensity vector L and the corresponding noise covari- 
ance matrix (Boxman et al., 1991). The resulting CSD de- 
scribes a volume distribution based on a grid with logarithmic 
equidistant size classes and is denoted as n, , (x ,  t ) .  

From these, characterizing quantities are calculated. Ro- 
bust parameters arc derived from the quartiles of the size 
distribution, defined by 

k 
100 

n , ( x )  dx 4 -, with k = 25.50, 75, and 100. (26) 

The second quartile, the median (Xj,), is taken as a measure 
for the location of the CSD, and the logarithmic interquartile 
range 

(27) 

is taken as a measure for the spread. 
In  this article these robust parameters derived from the 

deconvolution step are solely used for presentation purposes. 
The estimation of empirical parameter values, which is dis- 
cussed below, is based directly on the raw sensor data, to 
eliminate numerical uncertainties that can evolve from the 
deconvolution algorithm (Boxman et al., 1991) and to obtain 
a statistically better conditioned error criterion. 

Parameter Estimation 
Thc process model obtained in the previous section is a 

parametrized model for an evaporative isothermal constant 
volume crystallizer, and includes models for the process actu- 
ators given by the separator model equations: Eqs. 8 and 13, 
as well as the CSD dynamics given by Eqs. 16-19, 21, 22 and 
24, and the CSD sensor, which is described by Eq. 25. The 
total set of unknown model parameters is denoted as 0 = ( O K ,  
0,, Oc}. The classification parameters 0,. are estimated in the 
first step. In the next' step the optimal fines classification 
functions arc incorporated in the population balance model 
and the remaining set of parameters ({Os, 0,)) are estimated. 

For estimation of parameters based on the raw light inten- 
sity data the following general criterion is used: 

with m the number of detector rings and k the total number 
of samplcs. The term L(O) , ( j )  is the light intensity at ring i 
and time instant j predicted by the model as a function of 
the parameter vector 0. The term L,( j )  is an average inten- 
sity vector calculated from a large ( > 100) number of detec- 
tor readings (sweeps). The variance of the fluctuations around 
the average, vZ,, i = 1 ,  . . . , 31, is used as a weighting factor 
for the quadratic errors. The general quadratic criterion uses 
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the full covariance matrix of the sweeps to weight the errors; 
however, only the diagonal elements of this matrix were 
available from the data acquisition system that was used. In- 
spection of the weighted errors revealed that all errors con- 
tribute to the total error with the same order of magnitude. 

Both measured and predicted light intensity vectors used 
in the criterion are scaled in such a way that the total sum of 
the respective vector elements equals unity. This scaling is 
essential as the total intensity is corrupted by an unknown 
and randomly varying dilution factor, caused by the slurry 
diluter, which is introduced below. 

Param5ter estimation is applied to find the minimizing ar- 
gument 0 for this criterion. The nonlinear gradient-based 
optimization module E04UCF provided in the NAG library 
can be used to solve this problem. 

Equation 21 is approximated by applying the so-called 
method of lines. The derivative in the size domain is approxi- 
mated by a simple second-order method of lines scheme (de 
Wolf, 19901, which is second-order accurate. The integrals 
given by Eqs. 6 and A3 are approximated by a second-order 
accurate integration scheme. Time integration of the lumped 
population balance is performed with the forward Euler 
method with truncation error correction, introduced by 
Ceschino and Kuntzman (1963). Use is made of software 
modules provided by Schiesser (1987). 

A rough estimate of the confidence of the estimated pa- 
rameters is obtained by calculating the standard deviation of 
the parameters obtained for the different data sets. More ad- 
vanced methods like Monte Carlo studies or methods based 
on residual evaluation (Bard, 1974; Rawlings et al., 1993) to 
assess parameter confidence intervals are not applied here 
because the model residual is not a Gaussian white process 
and because Monte Carlo studies ask for an unacceptable 
computation time. 

Experimental Setup 
A series of experiments is performed with a continuous 

draft-tube baffled crystallizer equipped with an annular zone 
around the crystallizer vessel in which classified removal of 
fine particles is established. Unclassified product is removed. 
A schematic drawing of this crystallizer is given in Figure 4. 
PI control loops are present in the process to keep the slurry 
temperature, the crystallizer volume, the fines and product 
removal flow, the temperature of dissolved fines, and the to- 
tal heat input at a prescribed set-point value. With the for- 
ward-light-scatter sensor the dynamic CSD response on the 
unseeded startup of the pilot crystallizer is measured for dif- 
ferent process input parameter values. The initial CSD of the 
unseeded crystallizer results from primary heterogeneous nu- 
cleation occurring in the supersaturated mother liquor. The 
information content of process startup data is considered to 
be large, and plant startup data are often readily available in 
industrial practice, since processes have to be shut down fre- 
quently for cleaning or maintenance purposes. 

Unclassified product is removed during the experiments, 
that is, h, = 1 and Q, = Qpf.  The startup CSD response is 
measured over a period of approximately 40 hours, as a func- 
tion of three different values of the retention time of prod- 
uct, three fines removal rates, and three values for the total 
heat input. The crystallizer is fed with slightly undersaturated 
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Figure 4. Evaporative draft tube baffled pilot crystal- 
lizer, equipped with a fines removal system. 

free liquid crystal. The crystal slurry is transported with low 
speed Mohno pumps to minimize abrasion. A condenser is 
used to extract vapor. Heat is supplied by an internal heat 
exchanger that is positioned in the draft tube, and an exter- 
nal heat exchanger that is used to dissolve fines. A rubber- 
coated marine-type impeller is used as a pumping device to 
keep the crystals circulating as a suspension. The removed 
fines are dissolved by increasing the temperature of the fines 
flow by 10°C before recycling. The cross-sectional area of the 
fines classifier is 0.7461 m2. The feed flow (Q,) to the crystal- 
lizer is just saturated at 50°C. The feed temperature (T , )  is 
slightly raised, and the flow is filtered before entering the 
vessel to ensure a crystal-free feed that is slightly undersatu- 
rated. 

For the first experiment referred to as EXP1, the con- 
trolled process conditions, which are kept unaltered during 
the experiments, are tabulated in Table 1. This first experi- 
ment is succeeded by a series of experiments where one pro- 
cess input variable at the time is varied compared to EXPI. 
The specific conditions are tabulated in Table 1. 

During the experiments CSD measurements are taken at 
two different locations: the unclassified product flow (Q, 1, 
which is isokinetically withdrawn from the crystallizer, and 
the fines flow (see also Figure 4, SL1 and SL2, respectively). 
The scattered light is recorded at 31 detector elements by 
two Malvern 2600 Particle Sizers with two different collimat- 
ing lenses. A 300-mm lens is mounted to observe the fine 
crystals at SL2 and a 1,000-mm lens is used to observe the 
crystals at SLI. In the deconvolution step a relative volume 
distribution on 20 size classes is calculated based on a loga- 
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Table 1. Set-Point Values for Local PI-Controllers 

Experiment 
Number Variable Value 

~ 

1.5 

1 -  

0.5 

EXPl Fines flow 
Total heat input 
Product flow 
Stirrer speed 
Temperature fines 
Temperature vessel 
Volume 

EXP2 Fines flow 
EXP3 Fines flow 
EXP4 Product flow 
EXP5 Product flow 
EXP6 Total heat input 
EXP7 Total heat input - 

-& 

1 .o L/s 

0.22 L/s 
120 kW 

350 rpm 
60°C 
50°C 
970 L 

2.2 L/s 
3.4 L/s 

0.15 L/s 
0.39 L/s 
9U kW 
150 kW 

rithmic grid with 23 percent resolution, that is, the width of 
successive logarithmic classes increases by a factor 1.23. 

The sampling frequency is kept a t  a rate of one sample per 
2 minutes. Because the crystal volume in the slurry is too 
high for direct measurement, a dilution unit is designed that 
dilutes slurry samples on-line with saturated mother liquid. 
This unit also enables automatic background measurements 
that are needed to correct for transients due to  nonconstant 
laser intensity or fouling of the optical cell. Outliers caused 
by blockage of the measurement system are removed by an 
automatic peak-shave procedure. 

Results and Discussion 
Experimental data 

Figure 5 and 6 show the dynamic response of X,, and qr 
(defined by Eqs. 26 and 27) on the initial CSD of an un- 
seeded crystallizer for three different fines removal flows: 1.0, 
2.2, and 3.4 L/s (EXPI, EXP2, and EXP3), respectively. Also 

QfGl.0 I/s 

400 

Qf=2.2 lis 
rf=7.3 min 

4 

0 2 400 

400 

200 

Figure 5. 

578 
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5 10 15 20 25 30 35 40 
time [hours] 

Experimental time response of the median 
crystal size at startup with a fines flow of 1.0, 
2.2, and 3.4 Us (EXP1, EXP2, and EXP3), re- 
spectively. 

QfZl.0 I/s 
rf=17 min. 

0.5 

I 
2 ,  I 

1.5 i Qf=2.2 I l s  4 

01 1 
2 ,  

5 10 15 20 25 30 35 40 
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Figure 6. Experimental time response of the quartile ra- 
tio at startup with a fines flow of 1.0, 2.2, and 
3.4 Us (EXP1, EXP2, and EXP3), respectively. 

in these plots the so-called mother liquor retention time, given 
by rf = V/Qf, is printed. These figures reveal that fines re- 
moval promotes cycling and even induces a limit cycle in the 
CSD. The quartile ratio peaks at the time when the median 
crystal size collapses. This indicates the existence of a tempo- 
ral bimodal-shaped distribution in which both large and newly 
born small crystals are present. 

Figure 7 shows the dynamic response of X,,, for three dif- 
ferent product removal flows: 0.39, 0.22 and 0.15 L/s (EXP5, 
EXP1, and EXP4), respectively. It can be seen that the time 
period of oscillations is approximately proportivnal to the re- 
tention time of product rp. This can be explained by the fact 
that increasing the product flow will mainly decrease the to- 
tal crystal surface area available for growth and therefore ac- 
celerate the kinetic growth rate of the crystals, which subse- 
quently increases the speed of response. Note that industrial 
crystallizers normally operate at larger retention times, which 
explains why they exhibit larger oscillation time/periods than 
the pilot crystallizer used here. 

Figure 8 shows the influence of three different values for 
the total heat input: 90, 120, and 150 kW (EXP6, EXPl, and 
EXP7), respectively. The measured trend of EXP6 is dis- 
turbed approximately 18 hours after startup by a rinse water 
flow. These plots show that the influence of a varying heat 
input on the startup CSD dynamics is insignificant. Varia- 
tions in the heat input will, however, proportionally change 
the crystal mass production rate at stationary conditions. 

During EXP1, EXP2, and EXP3, fines distributions were 
measured at  sample location SL2. The relative volume distri- 
bution of fines corresponding to  a specific fines flow varied 
only slightly in time. Therefore average fines distributions 
were calculated for the three different fines flows. Figure 9 
demonstrates how the cut-size of the fines classifier shifts to 
larger values for larger fines flows. In Figures 10 and 11 the 
raw light intensity distributions, as observed at sample loca- 
tion SLl during EXPl and EXP3, are depicted, respectively. 
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Figure 7. Experimental time response of the median 
crystal size at startup with a product removal 
flow of 0.39, 0.215 and 0.15 Us (EXP5, EXP1, 
and EXP4), respectively. 

For the experiments EXP1, . . . , EXP7 these raw intensity 
data, recorded directly from the Malvern sensor, are used to 
estimate the model parameters 8. 

Estimation of the fines classification function 
The fines classification function was estimated from data 

obtained at both sample locations SL1 and SL2. As delays 
and dynamics are assumed to be negligible, the estimation of 
this function is a static nonlinear function estimation prob- 

200 1 
l000F ' i 

200 I 
l000t ' 

I 

200 I I 
5 10 15 20 25 30 35 40 
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Figure 8. Experimental time response of the median 
crystal size at startup with a total heat input of 
90,120, and 150 kW (EXPG, EXP1, and EXP71, 
respectively. 
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Figure 9. Experimental relative volume-based CSD of 
fines for fines removal flows of 1.0, 2.2, and 
3.4 Us, (EXP1, EXP2, and EXP3), respectively. 

lem, where the nonlinear function h has to be estimated from 
raw light intensity data L. We solved this problem by formu- 
lating it as a prediction problem. First we estimated the prod- 
uct size distribution by inverting the model Eq. 25, after which 
the light intensity observed on  the detector located at SL2 is 
predicted by the following equation: 

where sp represents the estimated product size distribution 
obtained by inverting the model Eq. 25, Cf is the sen:or model 
that is calculated for the fine particles, and diag{lzf(8c>} is 
the discretized diagonal removal matrix parametrized with the 
fines separation parameters 0, = {pfl, p f z } .  Because the dif- 
ferent void fractions did not change significantly, the flow split 
factor was approximated by yf = 1.12. The average shape fac- 
tor a was estimated to be 1.4. Now the quadratic criterion 
Eq. 28, together with the optimization routine, is used to 

20-0 time [hrs] 
rings no. [-] 

Figure 10. Experimental time response over 30 hours of 
the scaled light intensity on the first 20 de- 
tector rings for a fines removal flow of 1.0 
Us (EXP1). 
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Figure 11. Experimental time response over 30 hours of 
the scaled light intensity on the first 20 de- 
tector rings for a fines removal flow of 3.4 
Us (EXP3). 

minimize the difference bctween the predictcd and measured 
values for I,, as a function of the parameters @. 

This scheme is used to estimate the parameter values pfl 
and p j 2  of the fines classification function given by Eqs. 8 
and 9, based on data sets obtained during three different runs: 
EXP1, EXP2, and EXP3. The estimated parameter values 
are listed in Table 2, together with their average value and 
the corresponding standard deviation. In the last column of 
Table 2 the estimated cutsizes are given. They were calcu- 
lated from Eq. 9. The corresponding estimated removal prob- 
ability curves are plotted in Figure 12. The estimated effi- 
ciency curves show the expected shift of the removal proba- 
bility curve to the range of larger crystal sizes for larger fines 
removal flows. 

Estimation of kinetic parameters and initial state 
Prior to the estimation of parameters a parameter sensitiv- 

ity analysis is made by pcrturbing parameters from thc set 
O K ,  and inspection of the resulting perturbation of the crite- 
rion (Eq. 28). The parameters p 2 ,  ph, p , ,  and plo were de- 
noted as inscnsitive parameters and were given the following 
fixed values: p 2  = 0.0, ph = p7 = 1.0, and plo = 1,850X 
lo-". An important result of this preliminary study is that the 
influence of supersaturation on  the secondary nucleation rate 
(Eq. 16) can be neglected. The remaining set of parameters 
to be estimated is given by {PI, pi, Y4, P s ,  P 8 ,  PY, P , I ,  P12. 

P I J  

Table 2. Estimated Fines Classification Parameters 

Exp. No. f i r 7  I;,,[*10- 5 1  x ,  wml 
EXP 1 4.68 0.232 48.2 
EXP2 4.17 0.252 74.5 
EXP3 4.21 0.223 87.1 
Avg. 4.35 0.236 

Std. Dev. 0.23 0.012 
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Figure 12. Estimated fines classification curves. 

The nucleation model (Eq. 16) is scaled by the stationary 
solution of the population balance to improve thc parameter 
sensitivity, which strongly influences the numerical condition 
of the cstimation problem (Bard, 1974). After scaling of Eq. 
16 the parameter p 3  equals the steady-state valuc of the nu- 
cleation rate and the remaining parameters in this equation 
{ p , ,  p z ,  p 4 ,  p s }  solely affect the nucleation rate when the 
process is not stationary. 

At first the parameter estimation results revealed a signifi- 
cant bias between the model and measured values of the large 
dctector rings numbered i = 18, . . . , 31, as depicted in the 
upper plot of Figure 13. From light scattering theory it is 
known that the smaller particles scatter relatively strongly on 
the larger detector rings. We therefore adopt the idea of 
adding a second distribution, representing slowly growing 
fines, to the distribution predicted by the model. This added 
distribution should account for a model deficit in the region 
of small particles. A simulation study demonstrated that the 
model mismatch can be compensated with a constant expo- 

1 meaiured 

------not corrected 
corrected 

18 20 22 24 26 28 30 32 
detector ring [#I 

'7 40 

38 - '~,, 
',, 

~ not corrected 

.. .... corrected 

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 
crystal size [microns] 

Figure 13. Measured, not corrected, and corrected light 
intensity distributions (upper) and the corre- 
sponding uncorrected and corrected simu- 
lated In(n)-x plots (lower). 
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nential distribution given by 

(30) 

with G, the constant growth rate of the population of slowly 
growing fines (G, < G,), and Qf + Q p  the removal rate of 
small particles. The linear factor k is calculated from a sim- 
ple least squares fit on the error. In Figure 13 it can be seen 
that the error is indeed strongly reduced and that the added 
distribution has strongly magnified the estimated CSD in the 
region of small crystals. The average growth rate of the added 
crystal population was estimated to be 0.45 x m/s, which 
is roughly ten times slower than the growth rate G, of the 
modeled crystal population. This result points at a large pop- 
ulation of small crystals with a very slow growth rate. The 
validity of this conclusion can, however, be questioned for 
two reasons: the recorded light intensity distributions are cor- 
rected for the background signals that are measured. These 
corrections do not accurately account for the presence of 
particles in the optical cell. Secondly, results presented by 
Brown et al. (1991) indicate that anomalous diffraction can 
occur. Anomalous diffraction occurs when the ratio of the 
solid-to-medium (liquid) refractive indices are close to unity. 
In this case light will also travel through the particle. Mie 
theory can be used to account for this effect. The results pre- 
sented by Brown indicate that the Mie model, for ammonium 
sulphate crystals with a refractive index of 1.08, will predict 
more energy on the larger rings than the Fraunhofer model 
used here, and therefore can (partially) account for the devi- 
ation we observed here. The Mie model is not applied since 
no software was available for its evaluation. 

Therefore, if more information is wanted on growth rate 
dispersion, more accurate sensor models and probably more 
sensitive CSD sensors, which focus specifically on the region 
of small crystals, are needed. In the current approach our 
model describes effective phenomena such as the effective 
secondary nucleation rate, and a possible model deficit in the 
region of small crystals is only corrected to prevent the esti- 
mated effective parameters from getting biased. 

In Table 3 the three parameter values for the initial distri- 
butions estimated for the different data sets, together with 
their average value and the corresponding standard deviation 
are given. In Table 4 the estimated values for the nucleation 
and growth rate parameters are listed together with their av- 
erage and standard deviation. Corresponding model fits are 
depicted in Figures 14 and 15, for three different detector 

Table 3. Parameters Related to Initial Condition 

Exp. No. Pi1 I x lo8] P,  7 P;? [ x 10'01 
EXPl 5.83 2.41 0.46 
EXP2 9.26 2.60 1.53 
EXP3 9.55 2.87 0.39 
EXP4 4.17 2.38 0.46 
EXP5 2.42 2.35 0.61 
EXP6 4.03 2.37 0.49 
EXP7 6.92 2.39 1.55 
Avg. 6.03 2.48 0.78 

Std. Dev. 2.51 0.17 0.48 

Table 4. Parameters Related to Growth and Nucleation 
Kinetics 

Exp.No. p3[*1O8I p4 p5 pg[.10-61 p8 
EXPl 0.76 0.10 674 2.76 1,191 5.97 
EXP2 1.15 1.23 519 2.06 1,060 6.92 
EXP3 2.00 0.61 1,002 2.01 983 6.00 
EXP4 0.85 0.08 765 3.18 868 11.55 
EXP5 0.55 0.09 666 1.34 1,210 10.66 
EXP6 1.49 0.07 610 2.07 924 8.10 
EXP7 0.71 0.20 621 1.64 805 12.13 
Avg. 1.07 0.34 694 2.15 1,006 8.76 

Std. Dev. 0.48 0.40 144 0.58 144 2.45 

rings { j  = 5,  10, 201, for EXPl representing the best fit, and 
EXP3 representing the worst fit. All other fits are compara- 
ble to the result obtained for EXPl. The larger model mis- 
match and biased parameter values corresponding to the data 
from EXP3 are probably caused by aggregation or primary 
nucleation during the strong nucleation burst that occurred 
when the median reaches a peak value (Figure 5). These phe- 
nomena are not included in the model. 

It can be concluded from Figure 14 that the model gives a 
reasonable fit of the CSD dynamics. The nucleation parame- 
ters provide the best fit if the nucleation rate is taken to be 
proportional to the total surface area of particles with sizes 
larger than approximately 600 pm. Such a dependence on 
the total surface area instead of the mass of the CSD points 
to surface breeding. The low sensitivity of parameter p 2  
(which was kept constant), however, shows that the influence 
of supersaturation on the observed CSD dynamics is low, 
which is not expected in the case of surface breeding. The 
values found for p 1  and p s  agree with values provided in the 
literature (Garside, 1985). Some parameter values, especially 
p 3 ,  are uncertain. This uncertainty can be caused by differ- 
ences in experimental conditions, like an alternating un- 
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Figure 14. Model (dashed) and process response for 
detector rings 15, 10, 201 corresponding to 
ExP1. 
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Figure 15. Model (dashed) and process response for 
detector rings 15, 10, 201 corresponding to 
EXP7. 

known impurity concentration, or the limited sensitivity of the 
sensor for the phenomena to be estimated. Better results are 
expected with a sensor that is more sensitive to large and 
small particles. Additionally, robustness analysis of the con- 
troller that is designed on the basis of this uncertain model 
will be important (Eek et al., 1995). 

Figure 16 gives the ln(n)-x plots corresponding to the model 
fit to EXPl at three different time points T = 3, 6, 40 hours. 
This plot illustrates how badly dampened or oscillatory CSD 
dynamics can be explained by a simple secondary nucleation 
mechanism in which only large particles play a significant role: 
particle waves come up in the region of small crystals and 
grow into the region of large crystals x > 600 p m  in a time 
period of approximately 3 hours, then a new wave of smalI 
particles or new nuclei is initiated from attrition fragments 

35 I 
- 3 hours 

...... 6 hours 

crystal size [microns] 

Figure 16. Simulated In(n)-x plot corresponding to 
EXPl at three different times. 
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bred on the surface of larger crystals. At the moment these 
new nuclei are formed, the total surface area of the crystals is 
relatively low and the supersaturation will rise because of a 
lack of consumption of ammonium sulphate molecules. This 
will increase the growth rate providing a large portion of the 
newly formed fines with a chance to survive the fines trap. In 
the initial stage of their outgrowth the total surface area will 
increase and the growth rate will decrease again, which 
strongly reduces the chance that small particles will survive 
the fines trap. This mechanism explains the destabilizing ef- 
fects of fines removal. 

The described mechanism is more complicated when the 
process includes a product classifier that enables the selec- 
tive removal of large product particles from the crystallizer 
volume. This topic is being studied at this moment. Further- 
more the presented models are only.validated for one spe- 
cific geometry and scale. Therefore, a major topic for future 
research should be the inclusion of hydrodynamic models 
(Jager, 1990). 

Conclusions 
The model that is presented describes the dynamics of a 

pilot scale suspension crystallizer in a reasonable way. 
Extending a crystallizer model with a sensor model is ad- 

vantageous since it eliminates numerical errors introduced by 
sensor model inversion and achieves consistent treatment of 
particle size and shape throughout the model. 

CSD dynamics can be influenced by fines and product 
removal. Varying the heat input has a less significant effect 
on CSD dynamics and mainly effects the mass production 
rate. Fines removal promotes CSD cycling. Varying the mean 
slurry residence time gives a proportional change in the time 
period of oscillations. 

Nonlinear parameter estimation is a flexible method for 
obtaining estimates for unknown model parameters. Using a 
quadratic criterion in which errors are calculated directly from 
raw sensor data and weighted with the estimated variance is 
advantageous since it effectively penalizes less reliable data 
subject to large random variations. 

A fairly simple secondary nucleation model, containing 
physically interpretable parameter values, describes oscilla- 
tory or badly dampened CSD dynamics. The estimated sec- 
ondary nucleation model shows that the effective secondary 
nucleation rate is proportional to the total surface area of 
particles, with a size larger than approximately 600 pm. 

The results further indicate that the growth of larger 
particles is hampered, which is explained by both attrition 
and spatial segregation of larger particles, and is described 
sufficiently accurate by a simple S-shaped length-dependent 
growth curve. 

Some evidence is found for the existence of a large pop- 
ulation of slowly growing fines, with a growth rate that is ap- 
proximately ten times lower than the normal growing crystals. 

The results of our study have shown that models for CSD 
dynamics can be obtained from a nonlinear parameter esti- 
mation procedure based on a parameterized physical model 
including submodels for the CSD sensor, the CSD actuators, 
and the initial state. These models will form a good basis for 
the design and analysis of controllers for CSD dynamics, 
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which will finally enhance the performance of industrial crys- 
tallizers. 
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Notation 
A =cross-sectional area annular zone, mz 
B = secondary nucleation rate, #/m . m3 
cp =specific heat, kJ/kg”C 
C =concentration, kg/m3 
g = CSD sensor model 
g =constant of gravity, m/s2 
G = CSD sensor model matrix 

G, =kinetic crystal growth rate, m/s 
G, = length-dependent crystal growth rate, m/s 
G, =effective crystal growth rate, m/s 

H ,  =specific enthalpy, k.J,fkg) 

k ,  =constant related to class I crystal growth 
k ,  =volume-based crystal shape factor 
L =light intensity distribution, J/m2 

m, =jth moment of crystal size distribution, #ml/m3 
n =population density, #/m-m3 
N =cumulative number function, #/m3 
p =empirical parameter 
P =power input, kW 
Q =flow rate, m3/s 
qr = quartile ratio 

r =retention time of slurry, s 
SL, =sample location i 

t =time, s 
T =temperature, “C 
v =volume of crystallizer vessel, m3 
x =crystal size, m 
x, =cutsize, m 

X ,  = k = (25, 50, 75) quartiles of distribution, m 

h =removal probability function 

J =criterion value 

Greek letters 
(Y =aspect ratio of crystals 
A =difference operator 
p =absolute viscosity, kg/m * s 
y =flow split factor 
p =density, kg/m3 
F =standard deviation 
t9 =empirical parameter vector 
E =void fraction 
6 =constant factor related to specific heat, kJ/k C 

‘PI =contribution of birth-to-mass balances, kg/m *s  
Pz =contribution of growth-to-mass balances, kg/m3. s 

Subscripts 
0 =left boundary of spatial domain - =corresponding to estimated value 
c =solid phase (crystals) 

ex =external 
f =related to fines removal 
ff =feed of fines removal system 

HC =heat exchanger 
i =input flow; initial condition; ring index 
j =time index 

in =internal 
1 =liquid phase; related to particle length 

p =related to product removal 
pf =feed of product removal system 

pr =return product removal system 
r =return or recycle of fines and product 
u =vapor; crystal volume based 
w =related to particle width 
* =any flow 
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Appendix 
Population, mass, and heat balances 

All physical slurry parameters used are defined per cubic 
meter of slurry. More details on the derivation of mass and 
heat balances can be found in de Wolf (1990). 
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Population balance. The population balance describes the d 
CSD dynamics in the crystallizer (Randolph and Larson, -[ dt V ( t ) [  E ( t ) P ( t )  +[1- 4 1 1  p,(t)lI = 

1988): 

with the boundary condition: 

and the parametrized initial condition, n,(x, t = :,,, Os). 
Two additional equations for Y,(t)  

and Y2(t) are introduced, respectively, to include the effects 
of crystal growth and crystal birth in the mass balances: 

Crystal mass balance. 

The crystal mass in the crystallizer is described by the follow- 
ing equation: 

The void fractions E are calculated according to Eq. 6, and 
p, is the density of the crystals. The crystal mass balance can 
be derived directly from the population balance, Eq. 21; con- 
sequently, it does not add new information to the model. 

Saltmass balance. The dynamic equation describing the 
mass of salt (dissolved crystal material and crystals) present 
in the crystallizer is given by 

Total mass balance. The balance for the total mass (clear 
liquid mass and crystal mass) is given by the following equa- 
tion: 

where Q, is the vapor flow and p and p, are the density of 
mother liquor in the crystallizer volume and the feed flow, 
respectively. 

Heat balance. The heat balance of the crystallizer is given 
by the equation: 

where T and 7; are, respectively, the temperature in the crys- 
tallizer volume and the feed flow, Pi, is the heat supplied at 
the internal heat exchanger, H, is the specific enthalpy of 
vapor, cpc and cpl are the specific heat of crystals and mother 
liquor, respectively, Pcvsr is the heat of crystallization, P,*= is 
the heat loss to the surrounding, and Pimp is the heat sup- 
plied by pumps and stirrers. 

Equations that relate the density, specific heat, and the heat 
of crystallization to the temperature and the concentration 
depend on a substance system that is crystallized and can be 
obtained from handbooks. 

Assuming negligible holdup or delay in the 
fines removal section, the following two mass balances and 
heat balance are used to describe the ideal fines dissolver: 

Fines dissolver. 

The heat balance for the fines dissolver is given by 

where T, is the temperature of the returned fines and 6 is a 
constant factor that is an estimated value of the specific heat 
of the fines flow. 
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